Introduction
and statement of the main results. In a series of papers [3, 4, 6] Hellerstein, Shen and Williamson settled an old conjecture of Pólya by characterizing those entire functions / for which /, /' and /" have only real zeros. The first two of these papers characterized the real entire functions with this property while the third characterized the strictly nonreal entire functions with this property. In this same paper [6] , the authors also characterized the strictly nonreal, nonentire meromorphic functions F with only real poles for which F, F' and F" have only real zeros (a meromorphic function F is real if z real implies F(z) real or infinity; it is strictly nonreal if it is not a constant multiple of a real function).
In this note, we shall prove two theorems related to the problem of characterizing the real, nonentire meromorphic functions F with.only real poles for which F,F' and F" have only real zeros. We prove THEOREM l. Let F be a meromorphic function, not entire, with only real poles. Assume that F and F' have only real zeros and that F' omits a nonzero value. Then F is of the form
where A,B,C,a and b are real constants, aA ^ 0, B > 1, and C has the following property. Let n be an integer such that -Bir/2 < C + nBir < Bn/2. Then, with ß = (y/B^Ï +\C + nBn\)/B, we have ß < n/2 and tan2 ß < B -1.
Theorem 1 strengthens a recent result of Hinkkanen and Rossi [8] who proved it under the additional hypotheses that F is real and transcendental.
We shall also prove the following theorem. THEOREM 2. Let F be a meromorphic function, not entire, of finite order with only real zeros and real poles. Assume that F' has no zeros. Then, (i) if F is real, it is of one of the forms REMARK. As will be shown by example in §4, the hypothesis that the multiplicities of the poles of F are bounded is essential for F to be of the form (6).
Preliminaries.
The proof of Theorem 2 depends on the following useful fact (see e.g. [3, p. 230 REMARK. For properties and the Hadamard factorization of functions in the Laguerre-Pólya class (L-P) consult e.g. [3, 4, 6] . A remarkable property of the class of L-P functions is that it is closed under differentiation.
This is the only property we will use in the sequel.
We will also need the following lemmas from [7] . 2. Proof of Theorem 1. First we will show that F is transcendental. Suppose, on the contrary, that F satisfies the hypotheses of Theorem 1 and that F = P/Q, P and Q polynomials without common zeros. Since F' -a^O, for some nonzero a, we deduce that the polynomial P'Q -PQ' -aQ2 ^ 0. By the Fundamental Theorem of Algebra it must be a constant. Differentiation yields P"Q -PQ" -2aQQ' = 0. Therefore, if Q(zo) = 0 for some zq, then also Q"(z0) = 0 with the same multiplicity. This is impossible unless Q is a constant G. Hence P(z) = Az + B. This shows that F is a polynomial, contradicting the hypothesis that F is not entire.
Next, observe that the equations F = 0, F = oo, and F' = a have only real zeros. By a result of Edrei [2, Theorem 1] the order of F is at most one. We will now show that F must be real. Indeed, if we assume F is strictly nonreal, then
where a and 6 are constants, a ^ 0 and h and k are real, entire functions of order at most one with only real zeros and without common zeros. On the other hand we can write (since F' omits a), for all x real. This last equation can only hold if a = 0, contradicting the hypothesis that a is not zero. Therefore a = 0 and F is a transcendental multiple of a real function. Theorem 1 now follows from the result of Hinkkanen and Rossi [8] .
3. Proof of Theorem 2. Since F has finite order, we can write This shows that <j> is at most a linear polynomial. Consequently, by Lemma 1 and (3.4), H is an L-P function, and therefore H' has only real zeros. Since F' has no zeros, (3.4) implies that F" has only real zeros. The conclusion now follows from [5, Theorem 3] if F has no zeros and from [7, Theorem 1] if F has at least one zero. Next, suppose that F is strictly nonreal. Now (3.1) holds with P2 nonconstant. Equating imaginary parts of (3.2) implies that for all z , _ sinQ(z) P'{z) -g(z) ■ Thus all but finitely many zeros of sinQ(z) must be zeros of g(z). Since g has only real zeros, Q is at most linear and since F is strictly nonreal Q is of the form The following properties are easily deduced.
(PI) By (3.11) the zeros of P2 are simple and coincide with zeros of sin(oz + c).
(P2) By (3.12) and residue considerations, P^o) = 6 at each zero Xq of Hi (which is simple and must also be a zero of sin(6z + c)). Furthermore, this implies that nt is a polynomial with degHi < degP^. To see this, assume Ux has more zeros than degP^. Then P'2 = b, so that by (3.13) with K constant, which contradicts the hypothesis that F is not entire.
(P3) By (3.12) and residue considerations, P2(xk) --m^b at each zero x^ of U2 with multiplicity m*;. Since (P2) and (3.12) imply that the zeros of sin(o2 + c), except for finitely many, are the zeros of U2 it follows that P2 is of even degree, say degP2 = 2d. This in turn implies that the genus of U2 equals 2d+l.
To complete the proof, note that from (P3) and the hypothesis that the multiplicities m*; are bounded it is easily deduced that P2 = K, constant. Using (3.13) we obtain F' (3.14) -(z) = Kcot(bz + c)+iK, A complete classification of all polynomials satisfying the equations (4.1) and (4.2) seems to be a very hard problem. Classes of examples can be found in [9] . . ,^01 k*(z-k) fc#-By the well-known series expansion of cot7rz (see e.g. [1, p. 197] ) (4) (5) (6) C0t*z = h + \^W^ky
Let
If we now construct the polynomial P'x such that (3.12) holds, then F, given by (3.1), has the required properties. Solving for P'x in equation (3.12) and using 
«M-£(£ + !)+«
where G is an arbitrary constant. One can construct more examples of such meromorphic functions F using different pairs of polynomials P!¿ and fli, which satisfy (4.1) and (4.2) and by adapting the above technique.
